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Abstract 



In this paper we present a weighted L p -theory of second-order parabolic partial differential 
equations defined on C 1 domains. The leading coefficients are assumed to be measurable in time 
variable and have VMO (vanishing mean oscillation) or small BMO (bounded mean oscillation) 
with respect to space variables, and lower order coefficients are allowed to be unbounded and 
to blow up near the boundary. Our BMO condition is slightly relaxed than the others in the 
■ literature. 
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> ; 1 Introduction 

\q . In this article we are dealing with a weighted L p -theory of the parabolic equation: 

<N 

00" iH = a %3 {t,x)u x i xj +tf(t,x)u x i + c(t,x)u + f, (t,x) € (0,T) x O (1.1) 

o: 

u(t,x) = 0, (t,x) e (0,T) x 80 ; u(0, x) = u (x), xeO, 

where indices i and j run from 1 to d with the summation convention on i and j being enforced, 
and O is either a half space or a bounded C 1 -domain. It is assumed that leading coefficients arc 



measurable in t and have VMO or small BMO with respect to x, and lower order coefficients b 1 and 
c satisfy 

lim suv{p(x)\bHt,x)\ + p 2 (x)\c(t,x)\) = 0, (1.2) 

p{x)^0 t 

where p(x) = dist(x,dO). Note that (|1.2p is satisfied if, for instance, |6 8 (£,.t)| < Np~ 1+£ (x) and 
|c(t, cc) I < Np~ 2+£ (x) for some constants e,N > 0. Also note that b l and c are allowed to be 
unbounded and blow up near the boundary. 
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We look for solutions in function spaces with weights, in which the derivatives of solutions are 
allowed to blow up near the boundary. In particular, we prove that if a G (— l,p — 1), uq = and 
pf G i p ((0, T), L p (0, p a {x)dx)), then equation (jl.ll) has a unique solution u so that u\qq = 0, and 
for this solution we have 

/ [ (\p- x u\ p + \u x \ p + \pu xx \ p )p a (x)dxdt<N(p,d,c) [ f \pf\ p p a (x)dxdt. (1.3) 
Jo Jo Jo Jo 

The condition a G (— l,p — 1) is sharp even for the heat equation u t = Au + f (see [H|). Also, 
unless much stronger condition on the constant a is imposed, in general (|1.3j) is false even for the 
heat equation if O is just a Lipschitz domain (see [TU]). 

Our motivation of using such weighted Sobolcv spaces lies in the L p -theory of stochastic partial 
differential equations (SPDEs) of the type 

dw = (a ij w x i. x j + Wwrf +cw + f)dt + {<r tk w x * + g k )dB k , (1.4) 

where B k (k = 1,2, •••) are independent one-dimensional Browninan motions defined on a prob- 
ability space (il'jT, P), and all the coefficients and inputs f,g k and the solution w are random 
functions depending also on (t,x). It is known that, unless certain compatibility conditions are 
assumed, the second derivatives w x i x j may blow up near the boundary. Hence, we have to measure 
the second derivatives w x i x i using appropriate weights near the boundary. It is not hard to see 
that our weighted L p -theory of equation (|1.1[) with BMO coefficients easily yields the corresponding 
Lp-theory for SPDE (|1.4j) with BMO coefficients. Indeed, for simplicity assume b % = c = a' lk = 
and consider the stochastic heat equation 

dv = (Av + f)dt + g k dB k . (1.5) 

It is well known (e.g. [Ill HUES]) that 

E f T I (\P~ lv \ P + M P + W) P a (x)dxdt < NE f [ (\pf\P + \g\l + \pg x \ p A p a (x)dxdt, 
Jo Jo Jo Jo K ~ J 

where EX := Jo, XdP. Obviously for each w G f2', u := w — v satisfies the deterministic equation 

u t = a ij u x i xj + (a ij - S ij )v x i xi , 

and one gets estimates of u from (|1.3[) for each w£ff. Since w = v + u, the weighted L p norm of 
p~ l w,w x and pw xx are obtained for free. Therefore inequality (|1.3p for the deterministic equation 
yields an extension of existing L p -theories (e.g. [TTJ [THl [HI [25]) of SPDE (|1.4[) with continuous 
leading coefficients. 

The Sobolev space theory of second-order parabolic and elliptic equations with discontinuous 
coefficients has been studied extensively in the last few decades. The famous counterexample of 
Nadirashvili for the solvability of equations with general discontinuous coefficients made people to 
look for particular type of discontinuity. Among them, VMO condition (or small BMO condition) is 
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very sharp and important from mathematical point of view. For practical motivation, we mention 
that the uniqueness result for elliptic equations with discontinuous coefficients has connection to the 
weak uniqueness of solutions of the corresponding stochastic differential equations. 

The study of equations with VMO coefficients was initiated in [4] (elliptic equations) and in [T] 
(parabolic equations) and continued in, for instance, [T], [2J, [3] and [5]. In [T7] N.V. Krylov gave 
a unified approach to investigating the L p solvability of both divergence and non-divergence form 
of parabolic and elliptic equations with leading coefficients that are measurable in time variable 
and have VMO (or small BMO) with respect to spatial variables. Since the publication of [17], the 
theory kept evolved, especially in the direction of partially VMO coefficients. We refer the reader 
to e.g. [6], [7] and [9]. The reader can view our article as a weighted version of existing L p -theories 
with small BMO (or VMO) coefficients. 

Our BMO (or VMO) condition is slightly relaxed than the others in the literature (see Remarks 
15.21 and 17. 8p because we impose small BMO condition only on the balls away from the boundary, 
that is balls of the type B r {x) C O with r < Kop(x) A <5, where 6, kq € (0, 1) are some constants. 
Thus no restriction is imposed on the balls intersecting with the boundary. This relaxation has 
become possible due to the method found in [12]. The key is to establish weighted sharp function 
estimate (see Lemma 15.41 below) and apply the weighted version of Fefferman-Stein and Hardy- 
Littlewood theorems developed in [12]. By the way, if a 1 ^ are continuous in x, then our results were 
already introduced in [14] [19] . Our article is a natural extension of [M] [19] to the equations with 
discontinuous coefficients. 

The article is organized as follows. In section [3] we introduce our weighted Sobolcv spaces and 
the weighted version of Fefferman-Stein and Hardy-Littlewood theorems. In section [3] we discuss 
local estimates which we use later. In Section @] and [5] we present sharp function estimates and a 
priori estimates. In Section [6] and [7] we prove our main results using all previous preparations. 

We finish the introduction with some notations. As usual M. d stands for the Euclidean space of 
points x = (x 1 ,...,x d ), := {x = (x 1 , ■ ■ ■ ,x d ) 6 R d : x l > 0} and B r (x) := {y 6 R d : \x-y\ < r}. 
For i = l,...,d, multi-indices a — (a±, ay), on £ {0,1,2,...}, and functions u(x) we set 

Qn 

u x i = 7— = Diu, D a u = D" 1 ■ ... ■ D^ d u, \a\ = c*i + ... + ay- 

We also use the notation D m for a partial derivative of order m with respect to x; for instance, we 
use Du = u x for a first order derivative of u and D for a second order derivative of u. If 

we write N = N(a, &,•••), this means that the constant N depends only on a, b, ■ ■ ■ . A ~ B means 
A < NiB and B < N 2 A for some constants N!,N 2 . 

The authors are sincerely grateful to Ildoo Kim for finding few errors in the earlier version of 
this article. 
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2 Preliminaries: weighted Sobolev spaces on 
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For any p > 1 and 7 G R, define the space of Bessel potential H£ = H p r (R d ) as the space of all 
distributions u on R d such that 

\\u\\ H , = ||(1 - W*u\\ Lp := H-F-^l + \er /2 ^)(0}h p < 00, 

where T is the Fourier transform. Then is a Banach space with the given norm and C^°(]R c! ) is 
dense in (see [28]). If 7 is a nonnegative integer, then is the usual Sobolev space, that is, 

m = {u : D a u e L p , \a\ < 7}, ~ V / 

a|<7 

It is well known that, for any multi-index a, the operator D a : — > Hp is bounded. On the 
other hand, if suppu C (a, b) x R d_1 , where — 00 < a < b < 00, then (see e.g. Remark 1.13 in [T§] ) 

||u|| fl? <JV(d,o,6)K|| fl;r -i. (2.1) 

Also recall that if | — y | < n for some integer n and |a|„ := sup^^n sup,,. |D a a| < 00 then (see e.g. 
Lemma 5.2 of [18] for a sharper result) 

\\au\\ H; < JV(d >7 )|o|„||ti||fij. (2.2) 

Next we recall definitions and properties of the weighted Sobolev spaces g introduced in [TO] 
(also see [20] [25] [26]). The particular case d , i.e. 9 = d and p = 2, is introduced in [24] . For 
p > 1, G K and a nonnegative integer n we define 

:= {u : (i 1 )!"!])"!! G L p (R d + , {x^^dx), |a| < n}, 

that is, u G ffp 9 if and only if 

J \(x i y al D a u{x)\ p (x 1 ) e - d dx < 00. (2.3) 

We remark that the space H™ g is different from W n,p (M. d i _, x , e) introduced in [52], where 

W n ' p (R d + , x 1 , e) := {u : D a u G L P (R^, (x 1 ) 6 ^), |a| < n}. (2.4) 

For general 7 G R we define the spaces H^ e as follows. Fix a nonnegative function £(x) = ((x 1 ) G 
C£°(R+) such that 

OO 

C p (e™x 1 )>c>0, V.t 1 gR+, (2.5) 



n— — 00 



where c is a constant. Note that any nonnegative function ( with £ > on [1, e] satisfies (|2.5j) . For 
G R, p > 1 and 7 G R, let H^ = i?J e (R+) denote the set of all distributions u on R+ such that 

IMlin -E^llCOM^OIISr <°°- (2-6) 
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It is not hard to show that for different r\ satisfying (|2.5p , we get the same spaces g with equivalent 
norms. Indeed, let r](x) = ^(x 1 ) G Cq°(R+), then there exists an integer m so that £(x) := 
^WE^-ooC^x)]- 1 = r](x)E|„|< m C(e"x)]- 1 e C °°(R+). Thus by (& 

l[«(e"0»7(-)ll^r = ||«(e"-)€ E C(e fc -)II^<JV E IKe")C(e fc -)ll^ < # E IK^XQII^, 

I k I < m I fe I <m |fc|<m 

and therefore we get 

00 00 

E e n9 H-)u(e n -)\\ P H ,<N E e" e ||C(>(e n -)IIV (2-7) 



n— — 00 n— — 00 



By the same reason the reverse of (|2.7[) holds if 77 satisfies (|2.5I) . 

To compare (|2.3[) and (|2.6[) when 7 = n = 0, denote L Pi g := H® g and note that 

Y j e n6 \\Q{x l )u{e n x)\\l p = f \u(x)\^e^e( e -^)dx =: f K^r^x 1 )^, 

where ^(x 1 ) := ^„ e" (e " d) C p (e""x 1 ). Obviously the function := E„ e^"*^-^^* - ") is 

bounded 1-periodic function having positive minimum and ?7o(x 1 ) = ^ (lnx 1 )(x 1 ) e ~ d . It follows that 
for some N = N(() > we have 

N-'WuE < [ \n\v{x l ) e - d dx<N\\uf>r e . 



Therefore (|2 . 3f) and (|2.6[) give equivalent norms if 7 = n = 0. Actually, in general if 7 = n is a 
nonncgative integer, then (see Corollary 2.3 of [T!5] for details) 



Ik*. ~ E / IC* 1 ) 1 ^^^* 1 )^*. (2. 



Let M Q be the operator of multiplying by (x 1 )" and M := M 1 . Wc write u G M a H^ g if 



H<fl m + 

^xg by (x 1 )" and M := I [ r - 
M~ a u G fl^g. For v G (0, 1], denote 

11 1 / \ 1 r I |w(x) — u(y)| 

|«|c= sup \u(x% [u]o=sup — _ — . 

Below are other important properties of the spaces g taken from P3B HO] • 
Lemma 2.1. Let 7, 6* G R and p G (1, 00). 
(%) C(f (Rf ) is dense in H£ g . 

(ii) Assume that 7 = m + V + d/p /or some m = 0, 1, • • • and ^ G (0, 1]. Then for any u G SQ g 
and i G {0, 1, • • • , m}, we have 

\M l+0/p D l u\ c + [M m+v+s/p D m u) c » < N\\u\\ifi . (2.9) 
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(Hi) Let \y\ < n and |a|l ■= swp\ a \ <n awp x M^\D a a\ < oo, then 

\\au\\ H;e < N(d,j,e)\a\^\\u\\ H;e . (2.10) 

(iv) Let a eM.. Then M a H^ e+ap = e and 

|| u ||^ e <iV||M-%|| HpVap <Ar|| u || ff , e . 

(v) MD,DM : Hp g — > / are bounded linear operators, and 

\W\\ H \ < ^II^IIhV +N\\Mu x \\ h ,-i < N\\u\\ K 

P,° p,8 p,8 P,° 

\M\ir, <n\M h ^ + n\\(Mu) x \\ h ^ <N\\u\\ H , e . 

P :° P i <? Pi" PtP 

(WJ If6^d-l,d-l+p, then 

\\u\\ h: KNWM^W^-i, \\u\\ H2 < N\\(Mu) x \\ h , -i. (2.11) 

(vii) For i = 0, 1 let k E [0, 1], ^ G (1, oo), 7j, 0j £ R and assume the relations 

1 k 1 — k 6< 6»ik 6> (1 - k) 

7 = «7i + (1 - k)7o, - = 1 , - = 1 . 

P Pi Po P Pi Po 

Then 

IHI^ B <^IHI^i Mh-to ■ 

"• e pi-Ui M v Q .e a 

Remark 2.2. Let 9 G (d — 1, d — 1 + p) and n be a nonnegative integer. By Lemma l2.il (iv), (vi) 



HM-^Hfl^ < JVll^H^-n (2.12) 



for any v € Co°(Ml). Indeed, since 8 + mp ^ d — 1, d — 1 + p for any integer m 

P.0 p,e-(n-l)p J -'p ; g)_(„_i)p 

< JVHAf-^ 11^,-1 <iV||D 2 t;|| H 



y-2 

p,9-(n-2)p ""p,8-(n-2)p 



Next, we introduce Fefferman-Stein and Hardy-Littlewood theorems in weighted L p -spaces. De- 
note 

!!:=lxMj:= {(t,x) = (t, x 1 , x 2 , . . . , x d ) : x 1 > 0}. 
Fix a G (— 1, oo) and define the weighted measures 

v(dx) = v a (dx) — (x 1 ) a dx, dfi = fi a (dtdx) :— v a (dx)dt. 

Let B' r (x') denote the open ball in R d_1 of radius r with center x' . For x = (x 1 , x') G and fgt, 
denote 

B r (x) = B r (x\x') = (x 1 -r,x l +r) x B' r (x'), Q r (t,x) := (t,t + r 2 ) x B r (x). 



By Q we mean the collection of all such open sets Q r (t,x) C 0. For / G Lij oc (Sl, /x) we define 

fa = / / dM, M/(t,x) = sup / /d/i, (f)Ht,x) = sup/ 1/ - f Q \dfi, 
Jq a Jq q Jq 

where the suprcmum is taken for all Q G Q containing (t, x). 

Theorem 2.3. (U$$) (Fefferman- Stein) Let p G (l,oo). TTien /or any / G L p (Q,,fi), we have 

\\f\\L p (n,ri < ^11/ ll-M^)' 

where N = N(a,p,d). 

Theorem 2.4. ff!2f ) (Hardy-Littlewood) Let p G (1, oo). Then for f G L p (Tt,fj,) we have 

l|M/|U p(n , M ) < N\\fh p{ n^, 

where N = N(a,p,d). 

3 Some local estimates of solutions 

In this section we develop some local estimates of D°u for any multi-index /3, where u is a solution 
of the equation: 

u t + a ij u x i xj = f, (t,x) £0:=Kxl|. (3.1) 
In particular, we prove that if / = in Q r (r) := (0, r 2 ) x (0, 2r) x -B^(O) then for any s G (0, r) and 

max {\D^u xx \ p + \D f} u t \ p ) <N(r,s,/3,9) [ ^(x^-^dxdt. 

Me&W jQ r (r) 

The estimates obtained here will be used to estimate the sharp function of u xx in the next section. 
Throughout this section we assume the following. 

Assumption 3.1. a y = a 1 -? (t) are independent of x, and there exist constants S, K > so that 

6\£\ 2 < a ij (t)C^ j < K\£\ 2 , V£ G R d . (3.2) 

For — oo<5<T<oo, we define the Banach spaces 

H^(5,T) :=L p ((S,T),Hl e ), H^(T) :=H^(0,T), L p , e (S,T) := H%(S,T), L p , e (T) :=L p . e (0,T) 

with the norms given by 



(S,T) 



|Ki)||^ dt 



i/p 



Finally, we set U^ e := M 1 - 2 ' p H^' 2 1 p with the norm 

\\u\\ u:e := \\M- 1+2 ^u\\ h ,- Vp . 
First we recall a Krylov's result for equations with coefficients independent of x. 



Lemma 3.2. Let d - 1 < 9 < d - 1 + p, p G (1, oo),7 G R and T G (0,oo]. Then for any 
f G -Zl/^Hp e (T) and uq G U^ 2 , the equation 

u t = a %1 u x i x i + f, u(0) = u (3.3) 

has a unique solution (in the sense of distributions, see Remark \3.3\ below) u in MH££ 2 (T), and for 
this solution 

llM-^llnj+^rj < iV (||M/|| H , e(T) + ||«o||^) , (3.4) 
where N = N(S, K, 9, -f,p). 

Proof. See Theorem 5.6 of [T5]. □ 

For any distribution h on Rl and G Cg°(R+), by (h, 4>) we denote the image of <f> under h. 
Remark 3.3. We say that u is a solution of (|3.3p in the sense of distributions if for any <fi G Co°(R+) 

(u(t), <f>) = (uo, </>)+[ (a ij u xixi + f, cf>)ds, Vt < T., 
Jo 

Corollary 3.4. Let -oo < S < T < oo. For any f G M _1 lC e (S, T) and u G U^ 2 , the equation 

u t + a^u x i xi =f, te(S,T) (3.5) 
with u(T) = u has a unique solution u in MM^g 2 (S, T), and for this solution 

l|Af _1 «llH;+ a (S,T) ^ N (\\Mf\\wl 9 (s,T) + \Wo\\ u; y) , (3.6) 
where N = N(S, K,9,y,p). 

Proof. It is enough to consider the time change t — > — (t — T) and use Lemma 13.21 □ 
Denote 

Q r (a) = (0,r 2 ) x(a-r,a + r)x B' r {0), U r = (~r 2 ,r 2 ) x (-2r, 2r) x B' r (Q). 
Lemma 3.5. Let d - 1< 9 < d - 1 + p, < s <r < oo, u(t, x) G Cg°(R x W\_) and 

u t + a 13 (t)u x i x3 = /or (f, x) G Q r {r). 
Then for any multi-index f3 = (/3 1 , • • ■ , (3 d ), we have 

{\M" l D f3 u\ p + \D f3 u x \ p + \MD^u xx \ p ) {x^^dxdt 

S.W 

< N{l + r)^ p ■(l + (r-s)- 2 )^+ 1 ^ f \Mu(t,x)\ p (x 1 ) e - d dxdt, (3.7) 
where N = N(9,p, \/3\,6, K). 



Proof. We use the induction on |/3|. 

First, let |/3| = 0. We modify the proof of Lemma 2.4.4 of [16]. Denote ro = s and r m = 
s + (r-s)J2" l =1 for m = 1,2, • • • . Choose smooth functions ( m G C^°(M. d+1 ) so that < Cm < 1, 

Cm = l On U rm , Cm = Oil M d+1 \ U Tm+1 , 

|Cm*| < N(r - s)-^™, IC^I < N(r - s)~ 2 2 2m , \( mt \ < N(r - s y 2 2 2m . (3.8) 
Note that for each m, (u( m )(r 2 7 x) = and u( m satisfies 

(u( m )t + a %: >(u( m ) x i x3 = f m := ( mt u + a lJ u( mx i xj + 2a l ° (wCm+i)x*Cmx^ , (t,x) G (O, 7,2 ) x R +- 
By Corollary [3U for 7 = 0, 

A m := ||M _1 uC m ||]^ e(r 2) < iV||M/ m || Li)i9(r 2). 
Denote B := (J Qr(r) |Af u|P(a; 1 ) - d da;^) 1/p - Then by (O and LemmaCD] 

||aC ma: MK m+1 ) x || Lj)i9(r2) < JV(r - sJ-^HMKm+Oxll^,^) < - «)- 1 2 m ||«Cm+i|| H J >( (r')- 

By Lemma \2. II (vii) (take po = Px = p, 7 = l,7o = 0, 71 = 2, #0 = $ +P> #i = 9 — P and k = 1/2) for 
any e > 

(r - sr^Km+illH^) < eVi + e _1 (r - S )" 2 2 2m B. 
It follows that (with e different from the one above), 

A m < eA m+1 + N(l + e~ x ){r - s)- 2 2 2m B. 

We take £ = and get 

e m A m < e m+1 A m+1 + Ne m (l + e^)2 2m {r - s)- 2 B, 

OO OO 

m—l m— 1 

Note that the series X) m =i e ™ ' Am converges because A m < iV2 2m ||Af _1 u|| H 2 d ( r 2). By Lemma |2"7LT v) 
and (vi), for any M~ 1 w G H 2 e , 

W^wW^ ~ (HM-^H^, + \\w x \\ Lpi , + \\Mw xx \\ Lp:S ). (3.9) 

Therefore, 

/ (\M-\\ P + \u x \ p + \Mu xx \ p ) {x l ) e - d dxdt < NA P < N(r - s y 2p B p , 
and (|3.7[) is proved for |/3| = 0. 
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Next, assume that (|3.7[) holds whenever s < r and |/3'| = k, that is 

('|M- 1 £> /} 'it| p + \D p 'u x \ p + \MDP'u xx \ p ) (x^^dxdt 

< N(l + r) kp ■(l + (r-s)- 2 )( k+1 '> p [ \Mu(t,x)\ p (x 1 ) e - d dxdt. (3.10) 

JQAr) 

Let |/3| = k + 1 and = AD^ for some 2 and /3' with |/3'| = k. Fix a smooth function 77 so that 
7/=lon[/ s ,77 = 0onM' i + 1 \C/ (r+s)/2 , \ Vx \ < N{r - s)' 1 ,\ Vxx \ <N(r-s)- 2 and [77*] <N(r-s)~ 2 . 
Note that tj := tjD^u satisfies v(r 2 , •) = and 

7j t + a ij v x i xi = f := TjtD^u + 2a ij n x iD p u x3 + </"//, , /) '//. (rj, x) G (0, r 2 ) x R^. 

By Corollary for 7 = (also note that x 1 < r on the support of 77 and (r — s) _1 < 1 + (r — s)~ 2 ), 

HM" 1 ^^^ ^ iV||Afj ?t D^u + 2ojfeMD^« !B + Ma» 7ax I>^u||[ i>iS(ra) 

< iV(l + rf(l + (r-s)- 2 ) p / (\D l3 u\ p + \MD l3 u x \ p ) ^{dtdx) 

< N(l + r) p (l + (r-s)- 2 ) p [ (\D^u x \ p + \MD^'u xx \ p )fi(dtdx). 

jQ (s + r )/2((s+r)/2) V ' 

This, (|3.9p and (|3.10[) show that the induction goes through, and hence the lemma is proved. □ 

The following result can be found e.g. in [12], and we give a outline of the proof for the sake of 
the completeness. 

Lemma 3.6. Let u(t, x) eCg°(Rx Rf). Then for any T > 0, p > 1 and n = 0, 1, 2, • • • , 

sup \\u(t,-)\\ H * < N(\\u\\ K (T) + |M| H ™ (t) ). 
te[o,T] 

Proo/. First of all, it is easy to check that for any (f> = (f>{t) e W£((Q,T)) (see [16], p.32) 

sup|^)|f<iV / (|0|f + |^(t)|P)dt. 
t Jo 

Thus it suffices to prove 

0(0 := KV)lk« e £ W£((0,T)), < |k(V)lk pV (3.11) 

One can prove (]3.11j) by repeating the proof of Exercise 2.4.8 of [16] (see p. 71). It is enough to 
replace i?" there by H™ g . □ 

By C^ c (0) we denote the set of real- valued functions u defined on fl and such that (u £ C^(fl) 
for any C £ C °°(O). 

Lemma 3.7. Lei 6 £ (d — 1, d— 1 s 6 (0, r) and w 6 £^,(0) satisfies u t + a l i (t)u x i x i = /or 
(i, a;) £ Qr(r). Then for any multi-index /3 = (/3 1 , /3 2 , • • • , /3 rf ), 

max (|£> /3 u x J p + |Z^u t | p ) < JV / ^{x^-^dxdt, 
(t,x)eQ s ( s ) J Sr ( r ) 

w/iere TV = N(6,s,r,f3,p,5,K). 
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Proof. Choose the smallest integer n so that np > (9 V d). Note that if v G C Q y2 (M. d _) and v(x) = 
for x 1 > r, then by Lemma l2.1f ii) with 7 = n, i = and it ~ M~ n v, 



sup 



<iV(r)sup|Af e /fM-" V (x-)| <N\\M- n v\\ H n < N(r,p,n)\\D n v\\ Lpe , (3.12) 



where for the last inequality we use Remark [ 

Fix k G (s,r). Let ip be a smooth function so that ip(t,x) = 1 for (t, x) € Q s (s) and -0 = for 
(i, x) U K . Then ^ = t/j t = on Q s (s). It follows from (|3.12p . Lemma \3. Gl and Lemma I3~5l that 



max (\D f3 u xx \ p + < N max \(D iIju) xx \ p 

Qs(s) v ; (t,x)eQ,(s) 



< JV max UZPOD^uUI^ 

*e[o,s 2 ] r 



< 



N (\\D2(D^u) xx \\i pAs2) + \\D2(D^u t ) xx \\l pAs2) 



< N I \D a u\ p (x 1 ) e - d dxdt 

M<"+l/3|+4 



< N / \Mu\ p (x 1 ) e - d dxdt. 

jQ r {r) 

The lemma is proved. □ 

4 Sharp function estimates for equations with coefficients 
independent of x 

In this section we introduce some results developed in [12] with detailed proofs for the sake of 
completeness, and extend Theorem 14.51 and Theorem l4.6l to wider range of weights. These theorems 
are proved in [12] only for 6 G (d — 1, d] and we extend them for any 6 € (d — 1, d — 1 + p) . 
Denote ^(dx 1 ) = (x 1 ) a dx 1 . Recall that 

v a {dx) = (x 1 ) a dx 1 dx' = v 1 a {dx 1 )dx' 1 B r (a) = (a-r,a + r) x B' r {0). 

We start with a weighted Poincare's inequality. 

Lemma 4.1. (JWj) Let a > 0, p G [1, 00), B r {a) C R%, and u G C% c {M. d + ). Then 

\u(x) ~ u{y)\ p v a {dx) v a {dy) < 2 Q+1 (2r)*V Q (£ r (a)) / \u x {x)\ p v a {dx). (4.1) 

B r (a) JB r (a) J B r (a) 

Proof. For x, y G B r (a) we have 

|u(s) ~ u{y)\ p < (2r) p t \u x (tx + (1 - t)y)\*dt 
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and the left-hand side of ()4.1[) is less than or equal to 

{2r) p [ L{t)dt = 2{2r) p f I(t)dt, 

JO Jl/2 
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where 

I(t) := / / \u x (tx + (1 - t)y)| p i/ a (<£c) u a (dy) 

JB T (a) JB r (a) 

and / satisfies I(t) = 1(1 - t). For each t G [1/2, 1] and y, tB r (a) + (1 - t)y := {te + (1 - t)y : z G 
2? r (a)} C £> r (a). Substituting w = tx + (1 — i)y and noticing x 1 = (w 1 — (1 — t)y 1 )/t < w 1 jt since 
2/ 1 > 0, we get 

/(*) < t^ 1 f If \ Ux (w)\ p v a (dw) ) u a (dy) 

JB r {a) \J tB r (a)+(l-t)y J 

< 2 a+1 f ( f \u x (x)\ p v a (dx) ) v a {dy) 

JB r (a) \JB r (a) J 

= 2 a+1 v a {B r (a)) f \u x {x)\ p v a (dx). 

JB r (a) 

Now, ([4~T]) follows. □ 

Lemma 4.2. (fBij) Let a > 0. Denote vi{dx x ) = (x l ) a dx l . For any Bl(a) := (a - r,a + r) C R+ 
we have a non-negative function £ G Cq°(BI+) and a constant N = N(a) such that 



supp(C)eBl(a), / Cix'Kidx 1 ) = 1, (4.2) 

JBl(a) 

supC-^(#(a))<JV, sup\( x r\-vl(Bl(a))<-. (4.3) 

a; 2: T 

Proof. Choose a nonnegative smooth function ip = ^(x 1 ) G Co°(Sj/ 2 (0)) so that J R ip(x 1 )dx 1 = 1 
and ^(.t 1 ) = for l^l > 1/2. Define 

Cte ) = — ^— ^— )■ 

Then (g2Jl is obvious. Since r < a and (a + r) a+l - (a - r) a+1 < 2r(a + l)(2a) Q , 

sup |C| < N sup ^1^1 ■ ((a + r) a+1 - (a - r) a+1 ) 



\x 1 -a\<r/2 r 

jV (a/2) '° ■ ((a + r) Q+1 - (a - r) Q+1 ) < N. 



Similarly, the last inequality also holds because 

sup ICci |-i£(#(a)) < TV sup + ( ' t1) " 1 ) ■ ((a + r)° +1 - (a - r)° +1 ) 



|x 1 -a|<r/2 



j.2 



AT, (2a) Q+1 v iV 

< — (1 + - — < — 

" r y (a/2) a + 1 ' ~ r 

The lemma is proved. □ 
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Recall that for t E R, a E R+ and x' E K d_1 

Q r (t,a,x') := {t,t + r 2 ) x (a~r,a + r) x B r (a/)> Q r (a) := Q r (0,a,0). 

From this point on we fix a := 9 — d + p and denote 

v l {dx 1 ) := (x^dx 1 , fi(dtdx) = v(dx)dt := (x 1 ) a dxdt, 
1 



U Qr(a) 



M(Qr(a)) 7c r (a) 



u(t, x)fi(dxdt). 



Lemma 4.3. (flOtf) Let p E [1, oo), /*, g E Cf^Jfl). Assume that u E Cjj£,(fi) satisfies the equation 

u t + a ij u x , xJ = f x , + g (4.4) 

on Q r (a) C fi. T/ien 

/ \u(t,x)-u QAa) \ P n(dtdx) <Nr p f (\u x (t,x)\ p + \f(t,x)\ p + r p \g(t,x)\ p )^(dtdx), (4.5) 

jQ r (a) JQr(a) 

where N = N(6,p,d,5,K). 

Proof. We follow the outline for the proof of Theorem 4.2.1 in [16] . We take the function ( corre- 
sponding to Bl(a) and a{:=9 — d + p) from Lcmma l4.21 and take a nonncgativc function <p = <p(x') E 
Cg°(S((0)) with unit integral. Denote rj{x') = r - d+1 (j>{x' /r), B r {a) = (o-r, a + r) x B' r (0) as before, 
and for t E (0, r 2 ) set 



u(t) 



C(y 1 )v(y')u(t,y)iy(dy). 



Br (a) 



Then by Jensen's inequality and Poincare's inequality (Lemma 14. ip . 

|-u(t, ac) - u(t)\ p v(dx) 



B r {a) 



B r {a) 



(u(t,x)-u{t,y))C,{y )r)(y')v(dy) v(dx) 



B r (a) 



< 



B r (a) \JB r (a) 



\u(t,x)-u(t,y)\ p ((y 1 )r 1 (y , )v(dy) ) v{dx) 



< | sup CI ■ I sup T)\ / / \u(t,x) - u(t 1 y)\ p v{dx)v{dy) 

JBria) JB T (a) 



< iVr-^lsup CI ■ v(B r {a)) r p / \u x {x)\ p v{dx) 

JB r (a) 

< iVr~ d+1 |sup CI ■v 1 {{a-r,a + r)) r d_ V f \u x {x)\ p v{dx) 

JB r (a) 



< Nr p 



\u x (x)\ p u(dx). 



(4.6) 



Br (a) 



We observe that for any constant vector c E K the left-hand side of (|4.5[) is less than 2 • 2 P times 



/ \u(t,x) -c\ p n{dtdx) < 2 p / |u(t,a;)-u(t)|Xdid2;) + 2 p i/(e r (a)) / |u(i) - c| p di. (4.7) 

'Qr(a) JQr(a) JO 
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By (|4.6p the first term of the right side of (|4.7p is less than (|4.5[) . To estimate the second term, we 
take c = -pz Jq u(t)dt. Then by Poincare's inequality without a weight in variable t we have 



v{B r {a)) / |u(t) - c\ p dt < N v{B r {a)) (r 2 ) p 



((x^rii^utfaxMdx) dt. (4.8) 

To estimate the right side of ()4.8j) . we recall u t = — a v (t)u x i x j +/L +5- First, to handle the integral 
with g, we use Jensen's inequality, take the supremum out of the integral to get 

-2 



v(Br{a)) r 2p 



B r (a) 



C(x 1 )r](x')g(t,x)iy(dx) 



dt 



< v{B r {a)) r 2p |sup CI sup t? f [ \g(t,x)\ p v(dx)dt 

JQ JB r (a) 



< Nv 1 {{a~r,a + r))r d - 1 r 2p | sup (\r 



-d+1 



JB r (a) 



\g(t, x)\ p v(dx)dt 



< N(6,p,d)r 



2p 



QAa) 



\g(t,x)\ p n(dtdx), 



where we used | sup (\ v 1 {(a ~ r , a + r)) < N (see Lemma l4~2l) . 

Next, we handle the integral with —a %3 u x 4. x j. Fix Firstly, assume either i or j is 1; say j = 1. 
We use integration by parts and observe 



v{B r (a)) (r 2 ) P 
< u(B r {a)) r 2p 



Q{x l )r]{x')a ij (t)u x i xi (t, x)v{dx) 



B r {a) 



dt 



C x i (x^riix'yi (t)u x i (t, x)v{dx) 



lB r (a) 

+u(B r {a))r 2p {a-l) p 
h+h- 



dt 



B r {a) 



— ((x 1 )r](x')a %: ' (t)u x i(t, x)v{dx) 



dt 



For I2 we use the fact |a I:, u x i| < a y : | \u x i \ < K\u x \ and l/x 1 < 2/r on the support of £. The 
argument handling the case of g easily shows 

h < N{K,6,p,d) r p I \u x {t,x)\ p n{dtdx). 
For Ii we use Holder's inequality and get 

v{B r {a))-\( C, x ^u x ,dv\ p < v(B r (a)) p [ \( xlV a ij u xi \ p dv 

JB r (a) JB r {a) 

< N(v 1 ((a-r,a + r)) p r( d -V p • | sup pV M+1)p / \u x \ p v{dx). 

JB r {a) 

Since ^ 1 ((a — r, a + r)) ■ \ supCxI < N/r, it easily follows that 

h < N{K,6,p,d) r p [ \u x {t,x)\ p n{dtdx). 

JQr(a) 
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Secondly, if i, j ^ 1, by integration by parts, Holder's inequality and the inequality sup \rj x ' \ < Nr 



-d 



v{B r {a)) r 2p 
= v{B r (a)) r 2p 
< v{B r {a)) p r 2p 



S r (a) 



C(x 1 )ti(x') [-o«(t)v«i(t,i)] v{dx) 



dt 



B r (o) 



'0 JB r (a) 

< iVi/(S r (a)) p r 2p -sup|Cr -r~ dp 



(.{x^Tjxj {x)a lJ (t)u x i (t, x) v(dx) dt 
\u x \ p v{dx)dt 



JB r (a) 



< Nr p 



Qr{a) 



\u x \ p n(dxdt) . 



For the integral with /* 4 we use similar calculation to the one used to handle the term — a 1 - 



and get for each i 



v{B r {a))r 2p 



C(a; 1 )?7(a;')/x'(i, x)v(dx) 



B r (a) 



dt 



< Nr p / \f(t,x)\ P n(dtdx). 

JQr(a) 

Hence, the lemma is proved. 

Lemma 4.4. (fWj) Let p G [1, oo), < r < a and u G C^ c (fl). 

(i) There is a constant N = N(9,p,d,5, K) such that for any £ = 1, • • ■ , d we have 



Sr(o) 



□ 



\u x i(t,x) - K0e,(a)| f*(dtdx) < Nr p / (\u xx (t,x)\ p + \u t (t,x)\ p )n(dtdx). (4.9) 

jQr(a) 



(ii) Denote kq = Ko(r, a) := (^((a — r,a + r)) 1 • ff_ J - x 1 u 1 (dx l ). Then 



J 



l(t,x) - UQ r ( a ) + Ko(«iOSr(o) ~ /] X * )grM 



[i(dtdx) 



< Nr p (\u x (t,x)~(u x ) QAa) \ p + r p \u t (t,x)\ p + r p \u xx (t,x)\ p )fi(dtdx) 

JQr(a) 

< Nr 2p f (\u xx (t,x)\ p + \u t (t,x)\ p )[i(dtdx). 

jQr(a) 



(4.10) 



Proof, (i) For (|4.9[) we use that fact that v := u x i satisfies v t — a l ^v x i x j = (f l ) x i, where /' = 
6 li (ut — aP m u x j x m), and apply Lemma l4~3l 

(ii) To prove (|4.10[) . denote v(t,x) := u(t,x) - (tt)s r (a) + K (u x i) Qr{a ) - J2i x * ( u x-)g, r (a)- Then 

v Qr{a) = K (u x i) Qr{a) - V - ^y^t [ x l v(dx)dt = 0, 

v ~ v Q r (a)=v, v x i = u x i - (it x i)Q p ( ), v t - a tj v x i xi = g :=u t - a %j u x i x j. 
Now it is enough to use Lemma T4. 31 and (|4.9[) . The lemma is proved. □ 
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Theorem 4.5. Let 9 6 (d — 1, d — 1 < r < a and ^r/a > 2. Assume that u S C^ c (f2) satisfies 
u t + a lJ (t)u x i x j — in Q^rito, a, Xq) H f2. Then there is a constant N = N(K, <5, 9,p, d) so that 

T | ^xx (t,x) - {u xx )Q r {t , a ,x' Q )\ p ^{dtdx) 

J Qr(to,a,x' Q ) 

N f 

^ VTL rV P 7 u xx (t,x) p fi(dtdx). (4.11) 

Proof. Considering a proper translation, without loss of generality, we assume that to = 0, x' = 
and thus Q r (to,a,x' Q ) = Q r {a). 

Step 1. First, we consider the case a = 1. Obviously, 

1 + vr r 1 2 

r < 1, 2 < vr, 8:= < vr, -<-<-, 2/3 = 1 + vr. 

Thus, 

QM/3) c 0^(1) n 0, Q r / /3 (/3 _1 ) c Q 2/3 (2/3). 

Denote w(t,x) = u(fi 2 t, fix), then obviously 

lot + a ij (f3 2 t)w x i xj = 0, for (t,x) 6 Qx(l) 

and 

+ Im^^cc) - {u xx ) Qr{l) \ p ^{dtdx) < N(d) sup (\u xxx \ p + \u xxt \ p ) 

< N(d)(3- 3p sup (K^p + i^n 

< N(d)f3- 3p sup d^r+K^n. 

Q 2 /3(2/3) 

Applying Lemma [377] to t;(t,x) = w(t,x) - w Ql (i) + «o (^s 1 ) Ci (l) ~ Sj=i ^(^xOqiCi)! and tncn 
using Lemma 14.41 

/T 3p sup (K^p + I^H < N/3~ 3p I \v\ p fi(dtdx) 

Q 2 / 3 (2/3) JQi(l) 



= N$- 2p - 2 - B [ \u xx \ p fi(dtdx). 

This leads to ([4TT]) since \Q vr (l) D fi| ~ /3P+ e + 2 . 

Step 2. Let a 7^ 1. Define x) := u(a 2 t,ax). Then v t + a tj (a 2 t)v x z xJ = in Q yr / (1) fl 0. It 
is easy to check 

M(Qr/a(l)) = a" e ~ p ~ 2 M(Qr(a)), Mc/.d) = a 2 (M M ) Q? .(a), K2^/a(l)nfi) = a~ e - p - 2 [i{ Q vr (o)nn) , 
and consequently 

f |w^(t, x) - (w Ka; ) s (i)| p //(didx) = a 2p 4 ^(i, x) - (u a x)g r (a) \ p /i(dtdx), 



1G 



/ \v xx (t,x)\ p n(dtdx) = a 2p / \u xx {t,x)\ p fx(dtdx). 

It follows that 

f \u xx (t,x) - (u xx ) Qr ( a )\ p fi(dtdx) = a~ 2p 4 \v xx (t,x)\ p fi(dtdx) 

JQ r (a) JS„ r/o (i)nii 



/a 

N 



— / \v xx (t,x)\ p [i(dtdx) 
) JQ„ r , a (i)nn 

\u xx (t, x)\ p fi(dtdx). 



(l + vr/a)P J Qvr/a(1 y 
N 



(l + vr/a)P J Qvr(a)n n 
The theorem is proved. 

□ 

The following is the main result of this section. Recall that 6 < d — 1 + p. Thus for q sufficiently 
close to p, we have 6 + p — q < d — 1 + q. 

Theorem 4.6. Let G (d — 1, d — 1 + p), < r < a and p, q G (1, oo) so t/iat 

<?<P, 6»':=6»+p-o<fi-l + o. (4.12) 
.A/so Zei 1/ > 2, > a and u 6 C°°(S1). Then, 

+ \u xx (t,x) - (u xx ) Qr ( to ^ a , Xo) \ q ^(dtdx) 

J Q r (to,a,x ) 



^ N 7VjL r^T \u xx {t,x)\^{dtdx) 

(1 + vr/a)i J Q „ r{to ,a,x> )nn 

+ N^{l + vr/a) p+e - d+1 \ \ut + a ij u xixj \ q fx(dtdx), 

r l a J Q ur (t ,a,x' )nQ 

where N = N(K, S, 6, p, q) . 

Proof. As before we may assume that to = and x' = 0. Also we may assume that a l ^{t) is 
infinitely diffcrcntiable in t and all the derivatives of a y are bounded. Indeed, take a sequence of 
smooth functions ajf so that each a% satisfies condition (|3.2j) and a% ! (t) — > a u (i) as n — > oo (a.e.). 
Then it is enough to observe 

+■ \u t + a n u xx \ q n(dtdx) — > j- \ut + au xx \ q ^{dtdx) as n — >• oo. 

J Qur(ta,a,x' )r\Vl J Qur(to,a,x' )r\n 

Also note that we may assume that u(t) vanishes for all large t, say for alH > T (> v 2 r 2 ). 

Take a(e Cg°{M. d+1 ) so that ((t,x) = 1 for (t,x) G Q w/2 (a) n f2 and C(i,Jc) = if (t,x) 
(— i/ 2 r 2 , ^ 2 r 2 ) x (-a,a + i>r) x B^ r . Denote 

/ = u t + a ij u x , x] , g = f(, h= /(l - C)- 

By Corollarv l3.4l we can define v as the solution of 

v t + a ij v x i x i = h for t G (-oo, T), and u(T, •) = (4.13) 
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so that v e MH" (-oo,T) for any n. Also let v G MH" e (-oo,T + 1) be the solution of 

v t + a ij v x i x j =h for ie(-oo,T+l), and u(T+l,-) = 0. 

Then by considering the equation for v on (T, T + 1), since hit) = for t > T, we conclude u(t) = 
for t 6 [T, T + 1]. Thus u also satisfies (|4.13|) and u = v. It follows from (|2.9p that u is infinitely 
diffcrcntiable in x (and hence in t), and thus v £ C^ c (f2). 
By 4E2), 

9-d + p = 9'-d + q, 6' e (d-l,d-l + q). 
By applying Theorem 14.51 with and v/2 in places of p, 9 and i/ respectively, 

f \v xx (t,x) - (v xx ) Qr{a) \ q fi(dyds) < N 1 f x)\ q p,{dyds) 

^ ^ 71 I 1 / / |i>*x(t,*)|Wy<k), (4.14) 

where fi(dsdy) := (y 1 ) 6 ~ d+q dyds = n(dyds). On the other hand, «; := u — u satisfies 

Wt + a lJ w x i x j = g, te(0,T). 
and u>(T, •) = 0. By Corollarv l3.4l (with q, 0' in place of respectively), 



Iwyyl^yY'^dydsK \w yy \ q /j,(dsdy) < N \f\ q ^(dsdy), 

Q r (a) JQ„ r (o)n!) yQ„ r (o)nO 



< ArV +1 (l + w/a) p+e - d+1 / |/|V(^ds), (4.15) 

r JQ„ r (a)nf2 

where inequality f|4. 1 5[) is obtained as follows; since p + 9 — d + 1 > 1, 

(1 + r/a) p+e - d+1 - (1 - r/a) p+e - d+1 > (1 + r/o) - (1 - r/o) > 2r/a. 
Observing that u = v + w, we get 



I 

'Sr(l) 



(t,x) - iu yy )Q T{a) \ q ^{dyds) 

JQAa) 



< N{q)4 \w yy (t,x) - (w yy ) QAa) \ q iJ,{dyds) + N(q) f \v yy (t, x) - (v yy ) QAa) \ q ^{dyds) 

JQAa) JQr(a) 

< N(q)f \w yy (t,x)\ q n(dyds) + N(q) f \v yy (t, x) - (v yy ) QAa) | q ^(dyds). 

JQAa) JQAa) 
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Thus by (|Q3|) and (|I35]) . 

j < 7V-^+ 1 (l + z,r/ar+ 9 - d + 1 / [/|V(W+JV - 1 - / |« ra (M)l>(<« 

r JS-r(a)n!2 I 1 + vr/ap jQi a ) n a, 



< iV-i/ d+1 (l + ^r/a) p+e 4 \f\ q fi{dyds) 

+N 1 / (|«i«(t,a:)| 9 + K»(t,ar)| , )A*(i»ds) 



'C„ r (ii)nf! 



< Ar-^+i(l+ w /a)f+ e - d+1 / l/IVW+JV 1 / | % ^,*)|V<«. 

The theorem is proved. □ 

5 A priori estimate for equations with BMO coefficients 

Recall that Q r (t,x) = (t,t + r 2 ) x (a; 1 — r, x 1 + r) x B' r (x'). For any dxd matrix a = (a l: >(t,x)), as 
in |17j . we define a standard mean oscillation on Q r (t, x) = Q r (t, x , a;'): 



1 



t+i- i 



osc^Ca, Q r (t,x)) = / / / |a(s,y) - a(s,z)|dydz ] ds, (5.1) 

H|£v(a;)|' 2 J t \JB r (x)JB T {x) J 

where |S r (x)| is the Euclidian volume of B r (x). We say that a is VM O (see [T7] for more details) if 

lim sup osc x {a, Q r (t, x)) = 0. (5-2) 

Now we define a mean oscillation with respect to measure v(dx) = (x l y~ +p dx: 

pt+r 2 

-2 



osc x (a,Q r (t,x ,x)) = r 4 4 |a(s, y) - a(s, z)|z/(dy)z/(dz) ds 

ys r (i)JB r (i) / 



1 



t+r 



r 2 (^(S r (a;))) 2 J t \J b t {x) J B r {x) 



\a(s,y) — a(s, z)\v(dy)v{dz) ds. 



Obviously, if a depends only on t then osc e x (a, Q r (t, x 1 , x')) = 0. Also it is easy to check that for 
any dxd matrix-valued d(t) depending only on t, 



pt+r' 

-2 



osc x (a, Q r {t,x)) < 2r~ 2 / 4 \a(s,y) - a(s)\v(dy)ds. 

Jt JB r {x) 



On the other hand, 

rt+r 



r- 2 



/ / \a{s,y) ~ {a) Br (x){s)\v{dy)ds <osc x {a,Q r {t,x)), 

Jt JB r (x) 



where (a) Br ( x )(s) = {v{B r {x)))- 1 J BAx) a(s, y)v(dy). 

Roughly speaking, the following result says that the condition osc x (a, Q r (t, x 1 , x')) < e for some 
e is not stronger than the condition osc x (a, Q r {t,x l ,x')) < e. 
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Lemma 5.1. There exists a constant N = N(6) > so that for any k £ (0, 1] and r = kx 1 , 

osc 9 x (a, Q r {t 7 x\x')) < N osc x (a, Q r (t, x 1 , x')), (5.3) 
o SCx (a, Qr(t, x 1 , x')) < N- (1 -/t)" Q osc x (a,Q r (t,x\x')). (5.4) 
Proof. Denote a := 9 — d + p> — 1. First note that 

v{dy) < (x 1 ) ^ + n) a dy on B := B r (x), 

W) = [a+ 1)(3;1) " a [(i + ^ 2 -(i-^] * "w^"" 

where the last inequality is obtained as in (|4.15|) . Thus 



\B\ 2 r~ 2 [ t+r ~ ( f f 
oscKa^Qrit^x 1 ,x')) = j^pEy^ Tan J [J J \a{s,y) ~ a(s, z)\is(dy)v(dz) ) ds 



< A^ 2 (a) (a; 1 )- 2 " • (x 1 ) 2 "^ + n) 2a osc x (a, Q r (t, x\x')) 

< Noscxia^Qrfax 1 ,^)). 

To prove (|5.4[) it is enough to assume k £ (0, 1) and note dy < (p~wx~7^ on B r (x). The lemma is 
proved. □ 

Remark 5.2. In Theorem 16.61 the following condition near dW^_ is assumed: 

lim sup osc x (a, Q r (t, x 1 , x')) < s, (5-5) 

where ko,£ £ (0, 1) will be specified later. To understand (|5.5[) , let d = 1 (so that = (0,oo)) and 
a be independent of t. Then (|5.5p becomes 

lim sup osc x (a, (x 1 — r, a; 1 + r)) < e. (5-6) 

x 1 ->-o r < KoX i 

Since x 1 — r > (I — kq)x 1 > 0, there is no requirement that the mean oscillation on a ball containing 
the boundary points is small. Obviously (15.51) is satisfied if a is VMO, since (cf. (|5.3p ) 

lim sup osc^(a, <2 r (i, x 1 , x')) < -/V lim sup osc x (a, Q r (t, x)) = 0. 

Note that in the following result dxdt is used in place of fi(dxdt). However, if r/a is small then 
^ » dtdx and , % /i(didx) are comparable. 

Lemma 5.3. Let q > 1 and a IJ = a lJ (t). Then there exists a constant N = N(5,K,p,d) so that for 
any v > 4, r > and u £ C°°(fi), 

/ / \u xx (t,x)-u xx (s,y)\ q dxdtdyds < Nis~ q L- \u xx \ q dxdt+Nv d+2 i- \u t +a ij u x i x j\ q dxdt 
Proof. See Theorem 6.1.2 of [T5]. □ 
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For k G (0,1] and R > 0, let Q(R,k) be the collection of all Q r {t,x) so that r < kx 1 and 
Q r (t,x) C e fl : y 1 G (0,i?)}. That is, Q r (t,x) G Q(R,k) if 

x 1 > 0, r < kx 1 , x 1 + r < R. 

Define 

a*^= sup oscUa,Q), af^^supa*^. 
Q6Q(fl,re) fl>0 

Lemma 5.4. Let /3 € (1, oo) } K G (1/2, 1) and 

l<g<p, 6<+p-g<d-l + g. 

Suppose that u G C°°(f2) vanishes outside Qq G Q(-R, k). Then for any e > 0, Q r (ii, a, x^) C Q and 
(t,x) G Q r (ti,a, Xi) we have 

\Uxx ~ (. u xx)Q r (t 1 ,a,x' 1 

)\ q ^{dyds) 

Qr(ti,a,x{) 

< eM(\u xx n(t, x) + JVM(|/|«)(t, a:) + A (ag) 1 ^' • MV0(| UlM f x) (5.7) 
where f := u t + a l ^u x , x3 , j3' := /3/(f3 - 1) and N = N(e, 6, q, d, 5, K). 

Proof. Let Qo = Qr (to, a o,x' Q ). Considering a translation, we may assume t\ = 0, x\ = G K d_1 
so that Q r (ti,a, x^) = Q r (a). Also, we assume 

Q r (a) n Qo + 0- (5.8) 

Otherwise, the left term of (|5.7[) becomes zero. 

Step 1. Firstly, we prove that there exists So = (5o(e) G (0, 1) so that (|5.7p holds if r/a < Jo- 
Let |Q| denote the Lebesgue measure of Q C Assume v > 4 and w < a/4. Then (3a/4) < 
x 1 < (5a/4) if x 1 G Bl r (a) := (a — i/r, a + j/r). Denote Co := (I) 6 * d+P , then 

u(dtdx) dtdx _ , . 

< c — on Q r (o), 



M(Qr(a)) " |Gr(o)| 



dtdx [lidtdx) 

— c o~F7^ — TTT 011 2iyr(a)- 



|Qi/r(a)| ju(Q wr (o)) 
Also due to (|5.8[) . we have a — r < ao + ro and thus 



vr 

a + vr<2R, — < 1/4 < k, Q vr (a) C Q 2R , K . (5.9) 
a 
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Denote a IJ (i) = (a lJ (t, •))B ur ( a ) an d f = u t + a t3 u x i x i. By Lemma [53 
f \u xx - (u xx ) Qr{a} \ q fi(dsdy) 

JQrM 



Qr(a 

- i TrTr \\\2 / / \u xx (s,y) -u xx (T,£,)\y(dsdy)fi(dTd£) 
< C0 77TTTT2 / / \u xx {s,y) - u xx (T^)\ q dsdy drd^ (5.10) 



|Gr(a) 



< 7Vc f / |u< + a J u x i x j \ H — - — — - + NcqV q / \u 



S*r(a) |Qi/r(o)| ^Q„ r (a) |Q«/r(a)| 

< Nc 3 y +2 -f \f\ q fi(dyds)+Nc 3 Q is d+2 -J + Ncliy- q -f \u xx \ q p(dyds) , (5.11) 



where TV = iV(d, 5, if) and 



J := / |(a ij ' - | 9 n{dtdx) < Nj{ ,p jl IP \ 

Ji := / \u xx \ qfi ii{dtdx) < iVM(|tt a!B |^)(i,a), 



I \a ij ~a tj \ qfi ' fi(dtdx) < N -f \a ij - a ij \ix(dtdx) (5.12) 

< NafiZ (5.13) 



where inequality f|5 . 1 2[) is due to |a y | < K, and (|5.9|) is used in (|5.13[) . Coming back to (|5.11[) . we 

get 

\u xx - iu x x)a r ( a )\ 9 (J.(dsdy) 

Qr(a) 



< 



Nv d+2 M(\f\«)(t, x) + Nv-«M(\u xx \<>)(t, x) + Nv^iaiglY'P'mVP^u^)^ x). 



Remember that the above inequality holds whenever v > 4 and r/a < (4^)~ 1 . Now we fix v so that 
Nv~ q < e and take 5q = l/(4i/). Then whenever r/a < 5o we have (r/a)v < 1/4 and thus (|5.7[) 
follows. 

Step 2. For given e, take oo = So(e) from Step 1. Assume r/a > So. Choose v, which will be 
specified later, so that rv > 4a. Denote a := 9 — d + p. 

Here we claim that if /i(Qo) > 2 d+2a+3 /J,(Q vr (a) fl f2), then for a := xo — ro + i^r we have 

(Qr„{t ,x ,x' ) n Q l/r (a)) C Q„ r (o), a + i/r<2i?, i/r/a < k, |Q^(a)| < 2 a+1 \Q vr (a) n Q|. 

(5.14) 

First, due to (|5.8[) , we have < xo — ro < 2a. Let u>d-i denote the volume of B[(0). Then 
M(Qo) < |Q* («o,xo,a/ )| = ^- [ uj d _ 1 2 a+1 x ' +d+2 , 



|Q„ r (a)nf2| = _l_ W(I _ 1 (a + i^) a + 1 (i/r) < ' +1 > -^—u d -i{vr) 
a + 1 a + 1 



a+d+2 
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Thus, by assumption it follows that 2 a+1 x d+a+2 > 2 d+2a+3 (vr) a+d+2 or equivalently x > 2vr. 
Observe 

(Qr (to,x ,x' ) n Q ur {a)) C ((0, {vr) 2 ) x (x -r ,a + vr) x B' vr ) C Q„ r (a). 

Also from the inequality r > l/2a;o > vr (recall k > 1/2), we get 

vr vr ro 

< — < K. 



a xq — ro + vr xo 

Since the last inequality of (|5.14[) is obvious, the claim is proved. Note that (|5. 14[) implies that 

Qur{a) £ Q 2 R,k- 

Now define a ij = (a ij ) Qro{to , Xo , x ' a ) if \Qr (to,x ,x' )\ < 2 d+2a+3 \Q ur (a)r\Q\ 1 and otherwise define 
a 13 = {a lJ )Q vr (a)i where a = Xo — ro + vr as defined above. By Theorem 14.61 

(t,a;) - (u^) Sr ( a )|V(dicfe) 

jQ,.(a) 

^ 7^ r^T |u M («,x)|V(dtda:) + ; (1 + vr/a) p+e - d+1 4 \u t + du xx \ q fi(dtdx) 

(1 + vr/a) q y Q „ r ( a)n n r/a is„ r (a)nn 

^ 7T— ~Tvii \u xx (t,x)\y(dtdx) + (l + vr/ay +0 - d + 1 / |/|V(^) + J , 

(1 + zvr/a)9 y Q „ r ( a) nn r/a 



Q„(a)nn 



where 
J := 



/ \{a tj - a tj )u x * xJ \ q ii(dtdx) < N(vr)~ a - d - 2 [ \(a ij - a ij )u x i xi \ q fi(dtdx) 



= N{vr)- a - d -' 2 / \{a 13 - a ij )u x * xi \ q n(dtdx) < N(vr)- a - d - 2 j\ /fi J* /p ' , 

J Qvr(a)llQ ro (t ,a ,x' B ) 

Ji := I \u xx \ qfi fi(dtdx) < N(vr) a+d+2 f \u xx \ q Pn(dtdx) < N(vr) a+d+2 M(\u xx \P q )(t,x), 



J 2 := / \a ij - a 13 : \ q0 ' fx(dtdx) < N \a ij - a 13 \^{dtdx) . 

J Q vr (a)nQ ro {ta,x ,x' Q ) J Q„ r {a)nQ rQ {t ,x ,x' ) 

If I Qr (to , xo , A ) | < 2 d+2a + 3 1 Q vr (a) n O | , then 

/ [a«-a«K(ftdx) < / |o y -(o y )o ro (to,* ,»'o)IM^) 



= M(Qo)-f |a« - (a t3 ) aro{t0iXOiX . o) \ii{dtdx) 

J Qr (t ,X ,x' ) 

< N(vr) a+d+2 a*^\ 



and if \Q ro (t ,Xo,x'o)\ > 2 d+2a+3 \Q l , r {a) n then 

/ |a ij ' -a y |/i(dicfo) < / |a y - (a ij ) Q ^ u) \fj,(dtdx) 

jQ vr (a)nQ rn (t ,x ,x') JQ V r(a) 



= li{Q vr {a))4 |a«-(a«) e „ r(a) Mdfcfc) 
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It follows that 

J<N(a*^/l 3 ' ■M l /'\\u xx \^){t,x). 

Remember that r/a > So = <5o(e). Thus for (|5.7p it is enough to take v so that N(l + u6o)~ 9 < £ 
and observe that 

AT . u d+1 

; (1 + vr/ a y +e - d+1 < N(a) < oo. 

r/a 

The lemma is proved. □ 



Corollary 5.5. Suppose the the assumptions in Lemma \5.J\ are satisfied, 
(i) The for any e > and (t,x) 6 SI, 

(u xx )#(t,x) < eM^du^l') + NM^dfl^x) + N{a*^ K ) 1 /^ ■ M l l^\\u xx \^){t,x), 

where N = N(e, 9, q, d, 5, K) is independent of n,t,x. 
(ii) 

W^WlA-^oo) < mP,S,K)\\Mf\\l A _ o0t0o) +Nip)a*Z ■ WMu^Wl^^. 

Proof, (i) is an easy consequence of Lemma 15.41 and Jensen's inequality. To prove (ii), take q and 
> 1 so that q < p, q/3' = p, and apply Theorems 12.31 and 12.41 □ 

The following result is a parabolic version of Lemma 3.3 of [14]. Define Q(k) := U_r>oQ(-R, k). 

Lemma 5.6. For any e > 0, there exist a constant n — n(e) £ (1/2, 1) and nonnegative functions 
rjk e C(f(M+ +1 ), k = 1, 2, • ■ • so that (i) on R^ +1 

^>£>1, Y,r! k <N{d), ^(A/|?7fc..|+M 2 hfc ra |+M 2 |% f |) <e; (5-15) 

(ii) for each k, supp r)k C Qk for some Qk £ Q(^)- 
Proof. We modify the proof of Lemma 3.3 of [T5]. Let 

oo oc 

R d_1 = [}Ql » = U h 

k=l 1=1 

be a decomposition of R d_1 and R into disjoint unit cubes Q' k and lg respectively. Mollify the 
indicator function of each Q' k and Ig in such a way that thus obtained functions Xk and xi vanish 
outside of the twice dilated Q' k and Ig respectively (naturally, with center of dilation being that of 
Q' k and Ig respectively). Then (by multiplying by a large constant c > to Xk and xi if necessary) 

i<ExS<(E»)'ao, i<Ex?<(E^) p ^^" 

k k it 

on R d_1 and R, respectively. Here the constant Nq £ (0, oo) depends only on d and p. Furthermore, 
by Lemma 3.2 of [33], there exists a nonnegative function £ G C^°(R+) such that assertion (i) of the 
present lemma holds on R + with the collection {£,(e n x) : n £ Z} in place of {rjk(x) : k = 1,2, ...}. 
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We write x = (a: 1 ,^'), fix a constant r G (0, 1) to be specified later, and introduce 
T k (x') = Xk{rx'), n(t) = xt(rt), r) nke (x) = £(e n x 1 )T k {e n x')Tt(e 2n t). 

Then 

l<Y,€ k i<(Y,Vn ke ) P <N on R d + +1 (5.16) 

with constant N G (0, oo) depending only on d and p. 

Now, for any multi-index a = (a 1 , ■ ■ ■ , a d ) with 1 < |a| < 2, we have (with some constants C/3 7 ) 

M^D^ Vn u(t,x) = (a^H^H c^ il3l) (e n x 1 )(D~<T k )(e n x / )n(e 2n t), 

/9+7=ct 

and 

M 2 ( Wnfe ) t = (x 1 ) 2 e 2 "C(e" a; 1 )r(e"x')(r f )'( e 2 "t). 

Hence, 
where 

J!( 7 ) = sup^ \D"i Tk {x')\ = M suyY,\D^Xk{x')l 

x ' k x ' k 

h{a,p) = sup V](s 1 ) |a le n|a| |e ( '' l) (e n s 1 )| = sup Ve ( " + ' )H |£ (/3l) (e" +t )l- 
^i>o „ ten n 

Obviously 1\ is finite. That I2 is also finite is seen from its representation as the supremum of a 

continuous 1-periodic function. Moreover, if 7 = 0, then c^ 7 7^ only if f3\ = \a\, in which case 

c^-y = 1 and, by the construction of £, we have I2i.cn, P) < £• It follows that 

£ \AI^D a i lnke (x)\ < N(d)e + Nie,q,d)r. (5.17) 

n,k,t 

Similar calculus shows 

^2\M 2 ( mnk ) t \<N(e,q,d)r. (5.18) 

n,k,£ 

We renumber the set {r\ kn i : n = 0, ±1, fc = 1, 2, ^ = 1, 2, • • • } and write it as {r) k : k = 1, 2, ...}. 
Then from (|5.17j) and (|5.18|) we see how to choose r in order to satisfy the last inequality in (|5.15|l 
with Nid)e in place of e. This proves (i). 

Now we prove (ii). Let (a, 0) c R+ so that supp£ C (a,/?)- The above proofs show that 
supp?7ofc« C it ke ,t ki +r a ) x (a,j8) x B r ix' u ) =: Q fe« for some tu,x' ki ,r ,r with r ,r independent 
of By increasing /3 and adjusting ro,r if necessary we may assume that Qo k e G for some 

k G (0, 1), independent of /c,€. Finally it is enough to note that 

Slippy C (e- 2 "i fc ,,e- 2 "i fc , + e- 2 "r ) x (e~ 2 ™a, e" 2 ™/?) x B^ie^x^) := Q nM G Q(k). 

The lemma is proved. □ 
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Lemma 5.7. Let u E C°°(n) and denote f = u t + a l ' J u x i x j. 

(i) There exists a constant kq = Ko(d,p,9,5,K) E (0,1) so that if n E [ko,1], then 

ll^-IILs(-oc,oc) < WP^.^«)(ll^/IIL e (-oo,oo)+«f e) P'^-llL^(-oo,oo))- (5-19) 

(ii) Ifu(t,x) = whenever x 1 > i?, £/ien 

ll^-IIL,,(-oo )0 o) < mP,S,K) (llM/l^.^ +a£^ ||Mn XK ||^ e( _ OO)Oo) ) , 
where R Ko := 2i?(l + ko)/(1 — ko)- 

Proof, (i) Fix e E (0,1) which will be specified later. Take {r/n : n = 1,2,- ■•} from Lemma [5.61 
corresponding to s. Then since rj? > 1, 

IIMux.bIIl^c-oo.oo) ^ E II^ Mu ^Hl p ,«(-°°.«>) 

n 

< E (h m (»»»«)-*IIl p ,.(-o 0i0 o) + II^^^IIl^c-ocoo) + \\ M ~ 1 " Ma (<hU\\l pA - 00 , 00) ) ■ 

n 

Note that u n := ur/ n satisfies 

+ a ll u", xJ = f n := u(r) n )t + ^a %3 u x i{r] n ) x j + a v u(r) n ) x i xj + fr) n , 
and by Lemma [5T6l we have suppu™ C Q n E Q(«0 for some k = k(e) E (0, 1). Then by Corollarv l5.5[ 

|| JbT«£. IICc— ,00) < N \\M.fn\\l M _ 00 , 00) +N(p, q )a*^ ■ ||M<J|^ (oo) . 
It follows that 

II^-ICC-OCOO) < ^(ll^ 1 «ll^ < (-oo,oo) + H«-ll^.(-oo,oo)) 

+ ^WllMt^H^^j +e p af e HM-\\\l A _ oo>oo) 

Since 1 xi|| ip>e + H^Hl,,,,, < NHAfuzzlUp,,,, we get (i) if e is sufficiently small. 

(ii) Now let supp?7„ C Q n = Qk (*o, ^rjj ^n)- Note that urj n = if Q n $ Q i+* „ . Thus in the 
proof of (i), we only need to consider the case Q n E Q i+« „ K . Therefore (ii) follows from Corollary 
IS-Sf ii^) and the proof of (i). □ 

6 L p -theory on M.+ 

Definition 6.1. Let -oo < 5 < T < oo. We write u E J^ 2 (S,T) if u E Affl^+ 2 (5,T), i^S, •) E 
U p£ 2 {u(-oo, ■) := if S = -oo), and for some / E M^M^S, T) it holds that for any E Cg°(R d ) 

(u(t,.),0) = («(5,-),0)+ / (/>,•), <£)^, te(S,T). (6.1) 
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In this case we write Ut = f ■ The norm in S^ 1 p + e 2 {S 1 T) is defined by 

W u h;+ 2 (s,T) = P /_1u IIh^+ 2 (s,t) + \\ Mu t\\vr Pt6 (s,T) + h(S, •)\\ u y+'- 

Define J^+ 2 (T) := ^+ 2 (0, T), := ^+ 2 (0, oo) and ^(T) := & p f{T) fl : u(0) = 0}. 

Theorem 6.2. (%) TTie space fjp~g 2 (S,T) is a Banach space, 
(ii) IfT < co, then for any u £ £)p~g 2 o(T), 



sup ||«(t) f +1 < N(d, p, 0, T) . 

t<T m p,<> n p,e (1 > 



In particular, for any t < T , 



T 



\\u\\* < S up\\u(r)\\^ +1 ds<N \\u\f +2 ds. (6.2) 

M J» (1 > Jo r<s "v,e Jo n p.» ( ' 

(Hi) For any nonnegative integer n > 7 + 2, the set 

00 



k=l 

where Gk = (l/k,k) x {\x'\ < k} is dense in Sj^ 2 (T). 

Proof. See Theorem 2.9 and Theorem 2.11 of [21]. Actually in [21], (i) is proved only for p > 2 
based on Theorems 4.2 and 7.2 in [18]. But by inspecting the proofs of Theorems 4.2 and 7.2 in [18] 
one can easily check that in our (deterministic) case the result holds for all p > 1. □ 

Remark 6.3. It is easy to check that any function u £ S) p e (— 00, 00) can be approximated by functions 
in Co°(r2). Thus Lemma \5 . 71 holds for any u £ f) 2 e (— 00, 00). 

Here are some interior Holder estimates of functions in the space $)T]) (T). 

Theorem 6.4. Let p > 2 and assume 

2/p<a<f3<l, j + 2~ f3-d/p= k + e, 

where k £ {0, 1, 2, • ■ • } and e £ (0, 1]. Denote 5 = (i — 1 + 0/p. Then for any u £ Sy^iT) and 
multi-indices i,j such that \i\ < j and \j\ = k, 

(i) the functions D t u{t 1 x) are continuous in [0,T] x R<1 and 

M s+ ^D t u{t 1 -)-M s+ ^D t u{Q 1 -) £ C a/2 - 1/p {[0,T} 7 C{R c l)); 

(ii) there exists a constant N = N(p,d,a, /3) so that 

M < X I l^-sl"/ 2 - 1 /? It-sl"/ 2 - 1 /? J- " "» P ,o ( T ) 

(6.3) 



27 



Proof. See Theorem 4.7 of [TS]. □ 

Throughout this section we assume the following. 

Assumption 6.5. There exist constants 5, K > so that 

<5|£| 2 < a ij (t,x)Ce < K\£\ 2 , V£ £ R d . (6.4) 

Theorem 6.6. Let p £ (1, oo), 6 £ (d— l,d — 1 +p) and T £ (0, oo]. Tafce ko £ (0, 1) from Lemma 
\5. 7[ Assume that there exists a constant (3 > so that 

la^l + Ka: 1 ) 2 ^ <(3, Vt,x. (6.5) 

-4j-( fj\ 

(i) Then there exists constants £o,Po > depending only on d,p,9 7 S and K so that if < £o 

and j3 < /3q then for any f £ M~ l ~h p fi(T) and uq £ U£ s the equation 

Ut = a v u x i X 3 + b l u x i + cu + f, u(0) = uq (6.6) 

admits a unique solution u £ $jpg(T), and for this solution we have 

IMU; e(T) < N (\\Mf\\ hp AT) + \\u \\ ulg ) , (6.7) 

where N = N(p,0,6 o ,K). 

(ii) Let u £ Sj 2 g (T) be a solution of equation |7.ff| ) and u(t,x) = whenever x 1 > R. Then the 
estimate |6'. 7| ) ZioZds £rue if K0 < ^0; where R Ko := 2R(1 + Ko)/(l — Ko)- 

Remark 6.7. It is known (see Remark 3.6 of [H]) that if (d — 1, d — 1 + p), then Theorem 16. 61 is 
not true even for the heat equation u t = Aw + /. 

Proof of Theorem 16.61 As usual, we assume uq = (see the proof of Theorem 5.1 in |18|). 

Take N = N{d lPl 6,5,K,K ) from ([5~Ti?)) and assume that a* {e) < e := 1/(2 AT). 

Case 1. Let T = oo and 6* = c = 0. Due to Lemma \3. 21 and the method of continuity, we only 
prove that estimate (|6.7p holds given that a solution u £ Sy^ g (T) already exists. 

Define v(t, x) = u(t, x)It>o and / = fIt>o, then v £ M _1 Hp e (— oo, oo) and i; satisfies (see (|6.ip ) 

«t = a^u^ + /, (i, x) £ R+ +1 . 

By Lemma T5. 71 and Remark 16.31 

||^x|k p , 9 (-oo,oc) < iV||M/|| Lf>ie(oo) . 

This certainly proves (|7.10|) . 

Case 2. Let T < oo and b l = c = 0. The existence of solutions in $)p^ 2 (T) is an easy 
consequence of Case 1. Now suppose that u £ Sj^ + e 2 {T) is a solution of (|7.9|) . By the result of Case 
1, the equation 

v t =Av + (a ij u x i xi + f - Au)I t < T , t>0; v(0, ■) = (6.8) 
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has a unique solution v £ fj^ s (0, oo). Then v — u satisfies 

(v-u) t = A(v-u), te(0,T); (v - u)(0, •) = 0. 
If follows from Lemma I3~2l that u = v for t £ [0, T}. For t > 0, define 

4 = o« J t < T + ^/ t>T . 

Then (|6.8[) and the fact it = v for i g [0, T] show that w satisfies (replace u by i> for t < T in (|6 ,8|) ^1 

«t = r/'//' x .,. + // t<T , <> ; v(0, •) = 0. (6.9) 

By Case 1, v € -fjp~^ 2 (oo) is the unique solution of (|6.9[) , and u = v on [0, T] whenever u is a solution 
of (|7.9|) on [0, T]. This obviously yields the uniqueness. 

Case 3. General case. Again we only prove that there exists fio so that if af„ < eo and f3 < 0o 
then estimate (|6.7p holds given that a solution u £ $y^ e {T) already exists. Obviously by the results 
of Case 1 and 2, 

WM-^uU*^ < N\\M(b l u x ,+cu + f)\\ Lpe{T) 

< N sup \x 1 b i \\\u x \\i pAT )+ N sup Kx^M-^^+NWMfW^^ 

< NpWM^uU^+NWMfW^ry 

Thus it is enough to take /3q so that N(3q < 1/2. The theorem is proved. □ 

7 Lp-theory on bounded C 1 domains 

Assumption 7.1. The domain O is of class C\. In other words, there exist constants ro, Kq £ (0, oo) 
so that for any xo £ dO there exists a one-to-one continuously differentiablc mapping ^ of B rQ (xo) 
onto a domain J C K rf such that 

(i) J+ := <Zf(B ro (x ) f10)clf and *(z ) = 0; 

(ii) *(S ro (a; ) naO) = Jn{j,el <, :j, 1 = 0}; 

(iii) ||*||ci(Br (x )) < Kq and l*- 1 ^) - f- 1 ^)! < K \ Vl - j/ 2 | for any Vl £ J; 

(iv) ^ x is uniformly continuous in for -B ro (:ro). 

To proceed further we introduce some well known results from [5] and [33] (see also [33] for the 
details). Denote p(x) := dist(x, dO). 

Lemma 7.2. Let the domain O be of class G\. Then 

(i) there is a bounded real-valued function ip defined in O such that the functions ift(x) and p(x) 
are comparable. In other words, N~ 1 p(x) < ip(x) < N p(x) with some constant N independent of x, 

(ii) for any multi-index a, 

sup^l Q l(.T)|L> Q ^(a;)| < oo. (7.1) 
o 
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First we introduce Banach spaces H^ g (0), which correspond to the spaces if J g on R^. Take 
C G Co°(K+) satisfying ([23]). which is 

OO 

C(e n+K ) > c> 0, VieR. 

n— — oo 

For x G and n 6 Z = {0, ±1, ...} define 

Cn(s) = C(e'W). 

Then we have £ n > c in and 

C„ G C o °°(0), |i? m C„(x)| < N(m)e mn . 
For #,7 £ R, let H^ g (0) be the set of all distributions u on such that 



„ := £ e n9 ||C-„(e">(e n -)ll^ < oo. (7.2) 



It is known (see, for instance, [35] or P3]) that up to equivalent norms the space H^ g {0) is 
independent of the choice of £ and ijj- Moreover if 7 = n is a non-negative integer then 



V / |pl«lr> t »t*(rr)| ja p°- d (a;) das. (7.3) 



\a\ <n 



Recall that if 7 = n, then the space ffj g is the collection of functions u on so that 

[ \{x 1 ) M D a u{x)\ p {x 1 ) e ~ d {x)dx < 00. 

|aj<n R + 

Denote y) = ip(x) A For n G Z, G (0, 1] and fc = 0, 1, 2, define 

it \c = sup u(x) , it o = sup : . 

o x=t y \x-yr 



"]i n) = MS = ^p ^"(aOlDVaOl, (7-4) 

(7.5) 



\P\=k 



l/5l=fc 



= |u|% = Mil. = - u ' |(n) ^ r - l(n) 



J=0 



Below we collect some other properties of spaces g (0) taken from [26] (also see [14]). 

Lemma 7.3. Let d - 1 < 8 < d - 1 + p. 

(i) Assume that^ — d/p = m + v for some m = 0, 1, • • • and v £ (0, 1]. Then for any u £ H^ g {0) 
and i £ {0, 1, • • • , m}, we have 

\^+0/P D i u \ c + [^+e/PD m u] c „ < c\\u\\ H , o{0 y 
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(ii) Let aet, then ^ a ^ e+Qp (0) = H^O), 

IMIflJ, 9 (0) < C U~ a u\\Hl e+ap (0) < cllull^^O). 

(Hi) There is a constant c = c(d,p,^f,6) so that 

\\af\\ H l e (0) < c|a|{°} + |/|^ e( o). 
(iv) ipD,Dip : Hp g (0) —> Hj^ (O) are bounded linear operators, and 

IMIz£ e (o) < cllullflj-i^ + cH^Dull^-i^) < c||u|| H T e(0) , 
IMIi£,(0) < c||u|| ff j-i (0) + c||£)^u||^-i (0) < c\\u\\ H , gio) . 

Denote 

H^ e (0,T) =X p ([0,T],^ fl (O)), Lp.flCO.T) =H° e (0,T) 

^(0) = v^- 2/ ^ P V /p (o)). 

Definition 7.4. We write u € ^+ 2 (C,T) if u € #1^ 2 (£>,T), u(0, •) <E U^ 2 (0) and for some 
/ e 7/» _1 Hp T), it holds that Ut = f in the sense of distributions, that is for any S Cq°(C), 
the equality 

( W (<),0) = («(O),0)+ / (f(s),4>)ds 
Jo 

holds for all t <T. The norm in .f)p^ 2 (0,T) is introduced by 

IMI^+ 2 (o,t) = \\^ lu \\mi+ 2 (o,T) + II^IIh^ b (o,t) + IKO, OH c/;+ 2 (o)- 
Denote io^ 2 o (0,T) = ^ p f(0,T) n : «(0) = 0}. 

Lemma 7.5. There exists a constant N = N(d,p,6,y,T) such that for any u G ^il + s\{T) , 



sup | |u(i) | l^+i^ < ^l|w||^+/ ( o,T)- 



In particular, for any t < T, 



IP 



< N \\u\\? n M. 



art (°.*) " / n M «;5 



Proof. See inequality (2.21) of [27]. Actually there is a restriction p > 2 in (2.21) of [27], but by 
inspecting the proofs of Theorems 4.2 and Theorem 7.1 in [18] one can easily check that in our 
(deterministic) case the the result holds for all p > 1. □ 

Denote B r (x) :— {y G M. d : \x — y\ < r} and Q r (t,x) := (t,t + r 2 ) x B r (x). As before, we define 
weighted mean oscillation on Q r (x) with respect to measure v{dx) = p e ~ d+p dx 



r'if i «- 

Ji \J B r (x)J B r (x) 



osc x (a,Q r (t,x)) = r " I + j- \a(s,y) — a(s, z)\v{dy)v{dz) ds 



1 



r*{v{B r (x))f 



\a(s, y) - a(s, z)\v{dy)v(dz) ds. 

B r (x)JB r {x) J 
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Denote Or := {x G O : p(x) > R} and 0% := O \ Or. For k € (0, 1] and R > 0, let Q(R, k) be the 
collection of all Q r (t,x) so that r < np(x) and Q r (t,x) C K x OJj. Define 

4^=4% = snp ««£(«, Q), a*«=a*g> = sup «#$?. 

QGQ(-R,k) -R>0 

Recall that 

osc x {a,Q r {t,x)) = ^—^—-^ [ if [ \a(s,y) - a(s,z)\dydz) ds. 

r z \B r (x)\ z J t \J B r (x) J B r (x) J 

For a subset LI C O we say that a = (a* 3 ' ) is VMO in U if 

lim sup osc x (a, Q r (t, x)) = 0. 
r ~*°Q,-(t,z)rW0 

Throughout this section we assume the following. 
Assumption 7.6. There exist constants S, K > so that 

5\£\ 2 < a l3 {t,x)Ce < K\Z\ 2 , V£ G K d . 

Here is the main result of this article. 
Theorem 7.7. Assume 

a = (a ij ) is VMO in O e for anye > (7.6) 
lim sup(p(x)\b i (t,x)\+ p 2 (x)\c(t,x)\) =0 (7.7) 

p(x)-K) t 

Then there exist constants £i,/si G (0, 1) so i/iai «/ 

lima|2< £l! (7.8) 
then for any f G V» 1 L Pi e(C, T) and uo G U 2 g (0) the equation 

u t = a lJ u x i x j + b l u x i + cu + f, u(0) = uq (7-9) 
admits a unique solution u G ?) 2 g {0,T), and for this solution we have 

\Hzi A a,T) < N (Hfh pA o,T) + ll«o||i^ t( (o)) , (7.10) 
where N = N(p,9,S , K,T). 

Remark 7.8. (i) By inspecting our proof, one easily checks that (|7.8p and (|7.6[) can be replaced by 

°*ki < £ i for some R > °> and ° = is VM0 inC, i?- 

(m) Obviously, (|7.8[) and (|7.6[) arc certainly satisfied if a is VMO in O (sec Rcmark l5.2j) . 
(m) Our proof shows that (|7.7|l can be replaced by 

lim sup (p(x)\b z (t,x)\ + p 2 (x)\c(t,x)\) < (3 

for some /3 > 0. 
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Proof of Theorem 17.71 

Sec Theorem 2.10 of [33] for the case a IJ = <5 y , b % = c = 0. Hence, due to the method of 
continuity, we only need to show that (|7.10[) holds given that a solution m£^J e (T) already exists. 
Let u £ Syt (O, T) be a solution of equation (|7.9p . By Theorem 2.10 of [14], the equation 

v t = Av, v(0) = u 

has a unique solution v £ SyZ s (0, T), and furthermore 

\Msil , e (0,T) < ^||wo||l7» e (0)- 

Thus considering u — v, we assume «o = 0. 

Let Xo £ and \& be a function from Assumption 17.11 In [13] it is shown that \P can be chosen 
in such a way that for any non-negative integer n 

l*.l5X W no + l^ _1 lS + < *(») < 00 ( 7 - U ) 

and 

p^)*^^) -> as x £ B ro (xq) n O, and p(x) — !> 0, (7-12) 

where the constants TV(n) and the convergence in (|7.12[) arc independent of xq. Define r = tq/Ko 
and fix smooth functions rj £ (B r / 2 {0)) such that < r\ < 1, and 77 = 1 in £> r / 4 (0). Observe that 
*(B ro (a;o)) contains B r and ^(flr -1 ^)) is well defined for any x £ B r (0). For t > 0, x £ let us 
introduce 

d«(t,x) :=r?(x) ( a^it^-^xjjd^i^ixjjd^^-^x)) 
b% x) := V (x) [^a /m (t, • fi^C*" 1 ^)) + ^ tf" 1 ^)) • c^tf" 1 ^)) 

l,m I 

c(t,x) := T](x)c(t, 
Then by (|7.7[) and (|7.12j) one can easily find n > satisfying 

sup (VS*! + (a 1 ) 2 ^) < o /2. 

x 1 <K a r 1 V 7 

Denote 

b l = b l I x i< Kgri , c — cI x i<K ori . 
It is not hard to check that there exists Ki £ (0, 1) so that (if R is sufficiently small) 

where TV = TV(A' , 17) and c(i?) 1 as i? ->■ 0. Take £1 so that TVei < e /2. The if lim^o a* %l o ^ 
£1 then for any sufficiently small R, we have a*^ o R d < £0) where i? = 2R(1 + to)/(l — K o)- 
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Denote f = r/(4Ko) A r\ A Rq/Kq. Let ( be a smooth function with support in Bf(xo) and 
denote v :~ (uQ^" 1 ) and continue v as zero in R^[_ \ *(Bf(xQ)). Since r\ = 1 on *(Bf(xo)), the 
function v satisfies 

v t = a ll v x i x j + b % v x i + cv + f 

where 

/ = P = 2a ij u x C - a ij u( xix i - bWtxi + C/. 

Next we observe that by Lemma \7. 2 1 and Theorem 3.2 in [55] (or see [13]) for any v, a <G R and 

ft G t/j- a H^ g (0) with support in S f (x ) 

||V^ll^ e (0) ~ IIM^" 1 )!!^. (7.13) 
Therefore we conclude that v G fjp e (T), and by Theorem 16. 6f ii) we have, for any t <T, 

IIM-^H^^^ < N\\Mf\\^ At) . 

By using (|7.13|) again we obtain 

II^KIliP e (o,t) < N\\aC x ^u x \\ Kte{0 ^ t) + N\\aC, xx ^u\\^ pe[0 ,t) 
+ N\\C x ^bu\\^ pAO>t) +N\\^f\\^ A o,ty 

Next, we easily check that 

sup(|C x a| + \( xx ipa\ + \( x ipb\) < oo 

t,x 

and conclude 

H'^CWml e (o,t) < N\\ilm x \\ hpAQ ,t) + N\\u\\ hpAOtt) + iVH^/Hi^^o,*). 

Finally, to estimate the norm || , _1 m||jj2 g (o,t)i we introduce a partition of unity C,^), i = 0, 1, 2, A/ 
such that C( ) e C^°(C) and C(i) £ Co°(Bf(xi)), Xi e <90 for i > 1. Observe that since uC(o) has 
compact support in 0, we get 

II^uC^HhP 9 (0,t) ~ IK(0)||H|(t)- 

Thus we can estimate ||'(/' _1 ' u C(o) In 2 g (o t) using Theorem 2.1 in [17) and the other norms as above. 
By summing up those estimates we get 

HV^Ik e( o,t) < N\\i>u x \\ hpAO ,t) +N\\u\\ hpA0 ^ +N\\i>f\\j JpAO ,ty 
Furthermore, we know (see Lemma l7.3|) that 

U u x\\ H l e (o) < N \\ u \\ H ->+ 1 to- 
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Therefore it follows 

< N J\\u\\l le{0s) d s + NUf\\l pA o,ty 

where Lemma \7. 51 is used for the second inequality. Now (|7.10[) follows from Gronwall's inequality. 
The theorem is proved. □ 
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